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Abstract. For sharp quantum obscrvablcs the foUowing facts 
hold: (i) if we have a collection of sharp observables and each pair 
of them is jointly measurable, then they are jointly measurable 
all together; (ii) if two sharp observables are jointly measurable, 
then their joint observable is unique and it gives the greatest lower 
bound for the effects corresponding to the observables; (iii) if we 
have two sharp observables and their every possible two outcome 
partitionings are jointly measurable, then the observables them- 
selves are jointly measurable. We show that, in general, these prop- 
erties do not hold. Also some possible candidates which would ac- 
company joint measurability and generalize these apparently useful 
properties are discussed. 



1. Introduction 

The fact that not all pairs of quantum observables are jointly mea- 
surable is usually mentioned as one of the characteristic features of 
quantum mechanics. Joint measurability means that measurements of 
two given observables can be interpreted as originating in a measure- 
ment of a single (joint) observable. Joint (non-) measurability is hence 
related to the limitations of measuring and manipulating quantum ob- 
jects. 

Traditionally, joint measurability was taken to be synonym for com- 
mutativity. This is indeed the case if observables are represented solely 
by selfadjoint operators. However, nowadays it is recognized that the 
correct mathematical representation for quantum observables is given 
by positive operator valued measures [TT], [1], and selfadjoint opera- 
tors correspond only to a specific class of ideal observables (here called 
sharp observables). This generalization leads to the conclusion that 
commutativity is only a limited criterion for joint measurability in this 
more general setting [13], [12]. Namely, commutative observables are 
jointly measurable but the converse need not be true. 

There are numerous studies on joint measurements of some special 
collections of observables, the most prominent cases being the position- 
momentum pair and spin observables along different axes. In these 
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notes we are interested in the general features of joint measurability 
rather than any special case. However, the conclusions we obtain are 
based on recent progress in the above mentioned examples. 

Unlike in the case of sharp observables (projection valued measures 
or equivalently selfadjoint operators), there is no general theory for 
joint measurability of general observables (positive operator valued 
measures). Two sharp observables are jointly measurable if and only 
if they commute, but this kind of a simple criterion is not known for 
general observables. 

For sharp observables the following facts hold: (i) if we have a collec- 
tion of sharp observables and each pair of them is jointly measurable, 
then they are jointly measurable all together; (ii) if two sharp observ- 
ables are jointly measurable, then their joint observable is unique and it 
gives the greatest lower bound for the effects corresponding to the ob- 
servables; (iii) if we have two sharp observables and their every possible 
two outcome partitionings are jointly measurable, then the observables 
themselves are jointly measurable. 

These properties are often useful. Namely, property (i) implies that 
to test the joint measurability of a collection of observables, it would be 
enough to test them pairwisely. Property (ii) simplifies the problem by 
fixing the form of a joint observable, while property (iii) implies that 
joint measurability of two observables reduces to joint measurability of 
certain two outcome observables. 

In Sections 2-3 we first define the needed notions and then provide 
some examples. We then study the properties (i)-(iii) (in Sections 4- 
6, respectively) and we show that, in general, they do not hold. We, 
however, also suggest some possible candidates which would accompany 
joint measurability and replace the apparently useful properties (i)-(iii). 
We note that this work is not intended to give the final answers in these 
issues but to provoke further investigations. 



2. Joint measurability of quantum observables 

Let be a complex separable Hilbert space and C{l-C) the set of 
bounded operators on Ti. A positive operator q G C{1-C) having trace 
one is called a state and we denote by S{l-L) the set of all states. A 
positive operator A bounded from above by the unity operator / is 
called an effect and the set of all effects is denoted by £{7i). We say 
that the null operator O and the unity operator / are trivial effects. 
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Definition 1. Let f2 be a nonempty set and T a cr-algebraQ of subsets 
of fi. A mapping A : JF ^ ^■(^) is an observable if the set function 

X ^ {'ilj\A{X)ip) G M 

is a probability measure for all unit vectors E Ti. The measurable 
space {Q, T) is called an outcome space of A. 

For an observable A : JF ^ ^0^) and a state q G SiH), we denote 
by the following mapping from JF to the interval [0, 1], 

p^^{X) = tT[gAiX)] . 

The properties of A, resulting from Definition [T], guarantee that p^ 
is a probability measure. The number p^{X) is interpreted as the 
probability of getting measurement outcome x belonging to X, when 
the system is in the state g and the observable A is measured. 

As a short-hand notation, we denote A(x) = A({x}) for x E fl. If the 
set fl is countable, then the collection of effects A(x), x E fl, determines 
the observable A. Namely, for any X C fi, we have 

A(X) = J2 A(^) • 

In particular, the normalization condition A{Q) = I reads Xlxen ^(a;) = 
I. 

For (T-algebras JF^, . . . , JF„, we denote by JF^ (g) JF2 (g) ■ ■ ■ eg) JF„ the 
product (T-algebra, generated by the sets of the form Xi x X2 x ■ ■ ■ x 
Xj G JF 

Definition 2. Observables A^, A^, . . . , A" are jointly measurable if there 
exists an observable G, defined on the outcome space {Qi x x ■ ■ ■ x 
^n, ^1 ® JF2 ® ■ ■ ■ (g) JF„), such that 

G(Xi X ^2 X ■■■ X 1]„) = A^(Xi) 

G{n^xX2 X ■■■ X = A2(X2) 

G(fii xfis X ■■■ xX„) = A"(X„) 

for all Xi G J-'i, . . . ,X„ G JF„. In this case G is a joint observable of 
A\A2,...,A". 

To illustrate the definition of joint measurability, let A and B be two 
observables with finite outcome spaces = {xi,X2, ■ ■ ■ , Xn} and = 
y2, ■ ■ ■ , Um}, respectively. The condition for joint measurability of A 



For convenience, we always assume that all the one element sets {x} belong to 
the cr-algebra T. 
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and B is the existence of such G defined on the outcome space QaxQb, 
for which 

m n 

j=i i=i 

If observable A has projections as its values (i.e. A(X)^ = A(X) for 
all X G JF), it is called sharp observable. Two sharp observables are 
jointly measurable if and only if they commute. (For convenience, this 
well-known result is proved in a slightly more general form in Appendix 
as we use it constantly.) Commutativity of A and B means that all pairs 
of their effects commute, i.e., [A(X), B(y)] = for all X, Y. We stress 
that for general observables commutativity and joint measurability are 
not equivalent concepts. 



3. Examples 

3.1. Simple qubit observables. A two outcome observable is called 
simple. Qubit observables are those defined on the qubit Hilbert space 
C^. One possible characterization of a simple qubit observable is by 
providing an effect corresponding to one measurement outcome, since 
the other one is fixed by the normalization. A selfadjoint operator on 
can be parametrized by four real parameters (a, a) G M^, 

A(a,a) := |(aJ + a-cr) , (2) 

where cr = (ai,a2,a3) is the triplet of Pauli matrices. Such operator 
A{a,a) is an effect if and only if 

||a|| < a < 2 - ||a|| , (3) 

and a nontrivial projection if and only if 

a=||a|| = l. (4) 

We denote by E"'*^ the simple qubit observable corresponding to an 
effect A{a,a.). The labeling of the measurement outcomes of E°'** is 
irrelevant for joint measurability questions, but for convenience we fix 
the outcomes to be and 1, so that E°'** is defined as 

E"'^(l) = A{a, a) , E°'^(0) = J - A{a, a) . 

In Proposition [T] we summarize some known results on joint measur- 
ability of two simple qubit observables which we will use later. 

Proposition 1. Let E"'*^ and E^'^ be two qubit observables. 
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• (Busch [31 Theorem 4.5.]j If a = P = 1, then E"'*^ and E^'^ are 
jointly measurable if and only if 

||a + b|| + ||a-b|| < 2. (5) 

• (Molndr [T5i Lemma 2\) If a = ||a||, (3 = ||b|| and a j]' b, then 
E"'*^ and E^'^ are jointly measurable if and only if 

||a + b|| + ||a|| + ||b|| < 2. (6) 

• (Liu et al. [HI Theorem 1]^ If a = 1 and a_Lb, then E"'*^ and 
^/3,b jointly measurable if and only if 

2M<^Jp^-\\hf + ^{2-py-\\hf. (7) 

All these cases follow from a general theorem, proved recently in 
different forms in [TJ [TTl [TB] . 

A joint observable G for observables E°'** and E'^''^, if it exists, is a 
four outcome observable, and Eq. ([1]) in this case reads 

E"'-(l) = G(l, 1) + G(l, 0) , E^'^1) = G(l, 1) + G(0, 1) , 
E"'"(0) = G(0, 0) + G(0, 1) , E^'''(0) = G(0, 0) + G(l, 0) . 

From these equations and the normalization condition follows that G is 
determined by just one effect, say G(l, 1). All other effects forming G 
are determined by this effect and the observables E"'*^ and E^'*^. Effect 
G(l, 1) is of the form given by Eq. ([2]), hence G(l, 1) = |(7/ + g ■ cr) 
for some parameters (7, g) G M^. The requirement that the other three 
operators G(1,0), G(0, 1) and G(0,0) are actually effects leads then to 
constrains for the parameters 7 and g. Inspection of these constrains 
gives the results cited in Proposition [H 

In Proposition [2] we combine the results of Busch [3] and Anders- 
son et al. [2] concerning the joint measurability of three simple qubit 
observables. 

Proposition 2. Let a, b, c be three orthogonal vectors and E^''^, E^'^, E^'^ 
the corresponding qubit observables. Then E^''^, E^'^ and E^'^ are jointly 
measurable if and only if 

||af + ||bf + ||cf < 1. (8) 

3.2. Position and momentum observables. Let us consider the 
usual position and momentum observables Q and P of a free spin-0 
particle moving in one dimension. The outcome space for both of these 
observables is the Borel cr-algebra i3(]R). The Hilbert space for this 
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system is L^(M), the space of square integrable functions. For a pure 
state g= \ip){ip\, the corresponding probabihty measures are 



dp, 



where ip is the Fourier transform of ip. 

The observables Q and P are sharp and they do not commute. There- 
fore, there is no joint observable for Q and P. It was pointed out by 
Davies [9] and Ah & Prukovecki [1] that there exist observables 
and P'^ which can be considered as approximate versions of Q and P, 
respectively, and which have a joint observable. Here we shortly re- 
call this example; for more details, we refer to [S] and references given 
therein. 

For a probability measure fi on M, we define observable by formula 

Q^iX) = j q) dfi{q) , X e B{R) . (9) 

The observable is defined in a similar way using the canonical mo- 
mentum observable P and a probability measure u. 

If the probability measures /i and u are properly chosen, then 
and P'^ have a joint observable. The characterization of jointly mea- 
surable pairs of Q'^ and P'^ was completed by Carmeli et al. [8] and we 
summarize it in the following proposition. 

Proposition 3. Let and P'^ be position and momentum observables, 
respectively. They are jointly measurable if and only if there exists a 
positive trace class operator T G C{Ti.) having trace 1 and satisfying 

= PuTU ' ^ = PiiTii ■ (10) 
Here U : Ti ^ Ti. is the parity operator Uiplx) = ip{—x). 

For instance, if the operator T in Proposition [3] is a one- dimensional 
projection T = then the condition fllOl) reads 

2 - ^ 

dM = \4>{-<l)\ dq, dv{p)= (p{-p) dp. (11) 

Let and P'^ be a jointly measurable pair of a position and mo- 
mentum observable and let T be an operator satisfying conditions of 
Proposition [3l A joint observable Gt for Q'^ and P'^ is then given by 
formula 

Gt{Z) = ^ ju,pTU;^dqdp, ZeBiR^), (12) 
where Uqp is the unitary operator defined by Uqpip{x) = e^^^il'{x — q). 
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Figure 1. Joint observable for three observables A, B, 
C implies that there exist joint observables for each pos- 
sible pair, A-B, A-C, and B-C, but not vice versa. 

4. PAIRWISE JOINT MEASURABILITY 

In this section we study a question whether for a set of observables, 
the existence of a joint observable of the whole set is equivalent to the 
existence of joint observables for all pairs of observables from the set 
— a fact that holds for sharp observables. 

Proposition 4. // observables A, B, and C are pairwisely jointly mea- 
surable and (at least) two of them are sharp, then the triplet A, B, C is 
jointly measurable. 

Proof. Let, for instance, A and B be sharp observables. Since B and C 
are jointly measurable, they have a joint observable G which is deter- 
mined by condition G{Y x Z) = B(Y)C{Z) for every Y G JFg, Z ^ Tq 
(see Proposition [8] in Appendix). Fix X G Ti\. Since A is jointly mea- 
surable and commutes with both B and C, the projection A(X) com- 
mutes with B(y)C(Z) for any Y G J^b, Z G Tc- Thus, the set functions 
A(X)G(-) and G(-)A(X) agree on the product sets of the form F x Z, 
which implies that they are the same (see Lemma [1] in Appendix). We 
conclude that A and G commute and hence, are jointly measurable. 
This implies that the triplet A, B, C is jointly measurable. □ 

However, generally, if observables A, B and C are pairwisely jointly 
measurable, it does not imply that the triplet A, B, C is jointly measur- 
able. This is demonstrated in the following example. 

Example 1. Let a, b, c G M"^ be three orthogonal vectors, each of 
length /. The joint measurability condition ([5]) for any pair of E^'*^, E^''^, 
E^'^ then gives / < while the joint measurability condition ([8]) of all 

three means that / < Therefore, the choice < I < ^ leads to 

observables E^'*^, E^''', E^'*^ which are pairwisely jointly measurable but 
not jointly measurable all together. 

We leave it as an open problem whether the conditions in Proposition 
Hlcan be relaxed. For instance, if it is sufficient that just one observable 



8 



HEINOSAARI, REITZNER, AND STANO 



in the triplet is sharp. Summarizing this section, we demonstrated that 
pairwise joint measurabihty does not guarantee the existence of a joint 
observable for the whole set of observables, depicted in Fig. [H 

5. Uniqueness of joint observables 

It is a well known fact that a joint observable is, in general, not 
unique. This is not surprising as in the definition of the joint observable 
requirements are set for the margins only and not for all effects in the 
range of G. 

In this section we study some conditions which would guarantee that 
a joint observable for a given pair of observables is unique. We start 
by illustrating this problem in the case of position and momentum 
observables. 

Example 2. Let and P'^ be jointly measurable position and momen- 
tum observables. Assume that the probability measures /i and u are 
such that the variances (i.e. squares of the standard deviations) Var(/i) 
and Var(z/) satisfy the minimum variance equation Var(/i) ■ Var(z/) = |. 
In this case, an operator T satisfying (IIUI) is a one dimensional projec- 
tion T = 10) (01, where is a Gaussian function. This is consequence 
of the well-known fact that the functions satisfying the minimum vari- 
ance equation are Gaussians. A Gaussian function is, on the other 

hand, determined up to a phase factor by functions |0(-)| and 0(-) and 

these are determined in (ITT!) . Therefore, there is a unique operator T 
such that Gr, defined in (1121) . is a joint observable for and P'^. 

Generally, however, there may be two operators T ^ T' such that 
both Gr and Gt' are joint observables of Q'^ and P" (see e.g. Example 
1 in [8]). Moreover, up to authors' knowledge it is not known whether 
all joint observables of a jointly measurable pair Q'^ and P'^ are of the 
form Gt for some trace class operator T. This example shows that 
there may exist several joint observables, that is, a joint observable is 
not always unique. 

From the previous discussion naturally arises the question in which 
situations the joint observable is unique. On the other hand, if there 
are many joint observables, it would be convenient to have a way to 
compare different joint observables and perhaps to pick out the "best" 
one. 

To proceed in our investigation, let us recall that the set of effects 
S{H) is a partially ordered set. For effects A,B & ^0^)^ the ordering 
A < B means that 
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for every ^ G 7i. This is equivalent to the condition that 

tr [qA] < tr [qB] 

for every q G S{T-C). Hence, the effect B gives greater or equal proba- 
bility in every state than A. 

For two effects A and B, we denote by lb{A, B) the set of their lower 
bounds, that is, 

lb{A, B) := {C G S{n) \ C <A,C <B}. 

This is always a non-empty set as O G lb{A, B). 

Let us have two jointly measurable observables A and B and let G 
be their joint observable. Then for every X G J-'a, Y G J-'b, the effect 
G{X xY) is in lb{A{X), B(F)) since 

A{X) = G{X xY) + G(X X -^Y) > G{X x Y) , 

and 

B{Y) = G{X xY) + G{^X xY)> G{X x Y) . 

If either A or B (or both) is sharp, then the effect G(X, Y) is a special 
element in set lb{A{X), B(F)) — it is the greatest one. Indeed, it is a 
direct consequence of [HI Corollary 2.3.] that for every X G J-" a, Y G 
J^B, the effect G{X x Y) is the greatest element of lb{A{X),B(Y)), 
i.e., for every C G lb{A{X), B(F)), the relation C < G{X x Y) holds. 
Moreover, in this case A and B commute and their joint observable G 
is unique, as shown in Proposition [H] in Appendix. 

These observations motivate the following definition. 

Definition 3. A joint observable G of observables A and B is the great- 
est joint observable if for every X G J-'a, Y G Tb, the effect G(X x Y) 
is the greatest element of lb{A{X), B{Y)). 

The above property of being greatest and the uniqueness of joint 
observable are related in the following way. 

Proposition 5. Let A and B be two jointly measurable observables and 
let G be their joint observable. If G is the greatest joint observable, then 
it is the unique joint observable. 

Proof. Let F and G be joint observables of A and B with G being the 
greatest one. We make a counter assumption that F 7^ G. Then F(X x 
Y) ^ G{X X Y) for some X e Ta,Y e Tb by Lemma [D Since 
G(X X Y) is the greatest element in lb{A{X), B(y)), this means that 
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F(X X Y) < G{X X Y) for any choice of X, Y. But this imphes that 

/ = F(fiA X fie) 

= F(X xY) + f{X X -^Y) + F(^X xY) + F{^X x -^Y) 
< G(X xY) + G(X X -^Y) + G(^X xY) + G(-X x -^Y) 

= G(f]AXfiB) = /, 

which is a contradiction. Thus, F = G. □ 

We conclude from Proposition [5] that two observables A and B can 
have at most one greatest joint observable. In the following example 
we demonstrate that a joint observable may be unique even if it is not 
greatest. 

Example 3. Let a, b G M'^ be two vectors satisfying 

||a + b|| + ||a-b|| = 2. (13) 

According to Proposition [T] the corresponding qubit observables E^'** 
and E^''' are jointly measurable. As explained in p!7l Appendix 2], 
their joint observable G is unique and given by 

G{t,j) = \\n,j\\l{I + niy(T), i,je{0,l}, (14) 

where rijj = |[(— 1)*'''"^^ + (— l)-'~''"^b] and hij = rijj/ ||njj||. 

It is easy to seqj that G(z, j) is not the greatest element in the set 
lb{E^'^{i), E^'''(j)). Fix < t < | and choose 7 from the interval {t, |). 
Then C = i(7J + t(a + b) -cr) is an effect and C < Ei''^(l), C < E^'*'(l), 
while it is not true that C < G(l, 1). 

As the property of being greatest is stronger than the uniqueness 
property, we are now seeking for a replacement for it. For two effects 
A and B, the set lb{A, B) may not have the greatest element. How- 
ever, there always exists a maximal element in lh{A, B) and every lower 
bound lies under some maximal lower bound [THl Theorem 4.5]. We 
recall that an effect C G lh{A, B) is called maximal in lh{A, B) if there 
does not exist D G lh{A, B) such that C < D. Clearly, if the great- 
est element in lb{A, B) exists, then it is the unique maximal element. 
Generally, however, lh{A, B) may have many maximal elements. 

Definition 4. A joint observable G of observables A and B is maximal 
joint observable if for every X G J?-a, Y G ^b, the effect G(X x F) is a 
maximal element of lb{A{X), B{Y)). 



^Alternatively, one can apply ^TU[ Theorem 2] to see that the greatest element 
of Z6(Ei''^(i), Ei'''(j)) does not exist. 
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The obvious questions are now whether maximal joint observables 
exist and whether this property has some connection to the uniqueness 
of joint observables. In the following we give partial answers to these 
questions. 

Proposition 6. Let A and B be two simple (i.e. two-outcome) observ- 
ables having a unique joint observable G. Then G is a maximal joint 
observable. 

Proof. Fix i,j G {0, 1}. Assume, in contrary, that G{i,j) is not maxi- 
mal in /6(A(z), B(j)). This means that there is an effect C G lb{A{i), B(j)) 
satisfying G(z,j) < C. But then 

C>G(z,j)>A(0 + B(2)-J, 

and hence C defines a joint observable G 7^ G of A and B through 
formulas 

G(^,j) = C, G(^,l-j) = A(0-C, G(l-2,j) = B(2)-C, 

G{l-i,l-j) = I + C- A(z) - B(z). 

This is, however, not possible as G is assumed to be the unique joint 
observable. □ 

As demonstrated in the following example, it may happen that among 
all joint observables of two jointly measurable observables A and B, 
there is no maximal joint observable. 

Example 4. Choose a vector a G M'^ with < ||a|| < 1. Choose then 
/3 G M such that |(1 — ||a||^) < /3 < 1 — ||a||^. Finally, choose vector 
b G orthogonal to a and satisfying ||b|| = (3. Then corresponding 
observables E^'** and E'^''' are jointly measurable due to the condition 

m- 

As observed in [17], the joint observables of E^'^ and E'^''' are in 
one-to-one correspondence with the numbers from the interval J = 
[P - 1(1 - ||af ), 1(1 - ||af )]. Namely, if 7 G J, then 

G(l,l) = ^(/ + b.^) (15) 

determines a joint observable. (Here b is the unit vector in the direction 
of b.) 

Let 7i, 72 G J and G^(l, 1), G^(l, 1) the corresponding effects, defined 
in Eq. f|T5|) . Then we have G^(l, 1) < G^(l, 1) if and only if 71 < 72. On 
the other hand, the effects G'(0, 1), / = 1, 2, are given by the expression 

G'(0,l) = B-G'(l,l) = ^^(/ + b.^). 
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A D 
A, D 


property or b 


implication 


property or G 


sharp 


G exists 


=^ 


G is unioue and the greatest 


general 


G is unique 




G is the greatest 


simple 


G is unique 


<= (?) 


G is maximal 


general 


G is unique 


^ (?) 
<= (?) 


G is maximal 



Table 1. Relations between uniqueness of the joint ob- 
servable G and its maximality for different classes of ob- 
servables A and B. We say that the joint observable is 
greatest (maximal), if G{XxY) is the greatest (maximal) 
element in lb{A{X), B{Y)) for all X, Y. 

From this we see that G^(0, 1) > G^(0, 1) if and only if 71 < 72 and so 
the ordering of these effects is opposite to the ordering of the effects 
G^(l,l) and G^(l,l). Hence, we conclude that there is no maximal 
joint observable for E^'** and E^'*'. 

We summarize the results of this section in Table [H We note that 
uniqueness of the joint observable is not equivalent to being greatest. 
We leave it as open problem whether it is equivalent to maximality. 

6. Joint measurability of partitionings 

Let A be an observable with an outcome space (^Aj-^a)- Instead 
of measuring A as such, we can pose a simpler question whether a 
measurement outcome belongs to a given set X G Tf\ or not. Hence, 
we define a simple observable A^ with two outcomes '1' and '0', 

A^(l) := A(X), A^(0) := A(-X) = / - A(X) . 

We call A"^ a partitioning of A with respect to X. 

For instance, if VL^ consists of four elements xi,X2,X3,X4, we can 
form 16 different partitionings, listed in Table [2l Hence, partitioning 
procedure means that several outcomes are identified as one. Two such 
partitionings are demonstrated in Fig. [2l 
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Figure 2. Examples of two different partitionings. 



Type 


Number 


Choice for X (outcome '1' partitioning) 





f 


(trivial) 


1 


4 


{00}, {01}, {10}, {11} 


2 


6 


{00,01}, {00,10}, {00,11}, 
{01,10}, {01,11}, {10,11} 


3 


4 


{00, 01, 10}, {00, 01, 11}, {00, 10, 11}, {01, 10, 11} 


4 


f 


Q (trivial) 



Table 2. Possible two outcome partitionings of a four 
element set Q = {00, 01, 10, 11}. The type is determined 
by the number of outcomes comprised in the '1' partition. 



Since the partitionings are simple observables, it is often easier to 
study the joint measurability of such partitionings of A and B rather 
than the joint measurability of A and B themselves. These questions 
are related in the following way. 

Proposition 7. Let A and B be two observables. Consider the following 
conditions: 

(i) A and B are jointly measurable. 

(ii) All partitionings of A and B are jointly measurable. 

Condition (i) implies (ii). If either A or B (or both) is sharp, then (i) 
and (a) are equivalent. 

Proof. Assume that A and B are jointly measurable and G is their joint 
observable. Let X G J^a and Y G J-'b- Define a four outcome observable 
G as 

G(l,l) = G(XxF), G(1,0) = G(X X ^y) 
G(0,1) = G(^Xxr), G(0,0) = G(^X X ^F) . 

Then G is a joint observable for A^ and B^, and hence, (i) implies (ii). 
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Assume then that A is sharp and (ii) holds. Every partitioning of A 
is sharp. Hence, for every X G J^i\ and Y G J^b, the observables A"^ 
and commute (see Prop. [8] in Appendix). But this means that A 
and B commute, which imphes that they are jointly measurable. □ 

Generally, conditions (i) and (ii) are not equivalent if the assumption 
that either A or B is sharp is dropped. This is demonstrated in the 
following example. 

Example 5. Let a, b, c G M? be mutually orthogonal vectors with 
norm Observables E^'*^ and E^'^ are jointly measurable and they 

have a unique joint observable G; see Example[31 Similarly, E^''' and E^'*^ 
are jointly measurable and we denote by F their unique joint observable. 
The observables G and F are not jointly measurable. Indeed, their joint 
measurability would mean that all E^'*^, E^''^, E^'*^ are jointly measurable 
together, which is not true according to the criterion ([8]). However, 
every partitioning of G is jointly measurable with every partitioning of 
F, as we illustrate in the following. 

First of all, for the question of existence of a joint observable the 
outcome values are irrelevant. It is therefore enough to consider just 
partitionings of types 1 and 2 from Table [21 

Consider where both G and F have partitionings of the type 

1. Since G(z,j) < |J and F(/c, /) < for every set of indices i,j,k,l, 
these partitionings are jointly measurable in a trivial way; see Example 
1 in [g . 

Let us then consider partitionings of the type 2. For instance, choose 
partitioning X = {11,10} for G and Y = {11,01} for F. These par- 
titionings then give G"^ = E^'*^ and F^ = E^''^, which are jointly mea- 
surable. All other partitionings of the type 2 are seen to be jointly 
measurable in a similar way. 

Finally, suppose that G has partitioning of type 1 and F of type 

2. If the partitioning of F is chosen to be either Y = {11, 10} or 

Y = {11,00}, then F^ = E^'*^ or F^ is a trivial effect. Hence, both 
are jointly measurable with any type 1 partitioning of G. If we choose 

Y = {11,01}, then F^ = E^''^. The partitionings of G are, accord- 
ing to Example [31 of the form G{i,j) = E'''"'-'(l), with 77 = |, rij^ = 
i [(-l)*+^a+ {-ly+^h], and \\nij\\ = \. The condition (|7D holds and 
therefore these partitionings are again jointly measurable. 

It would be interesting to find a sufficient criterion (weaker than 
sharpness) for A and B which would guarantee the equivalence of the 
conditions (i) and (ii) in Proposition [3 
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7. Conclusions 

As soon as positive operator valued measures are accepted as the cor- 
rect mathematical description for quantum observables, the definition 
of joint measurability follows naturally from the statistical structure 
of quantum mechanics. Apart from its foundational importance, the 
existence of a joint observable is of practical use, for example, in se- 
cure communication. Commutativity must be seen only as a sufficient 
criterion for joint measurability. The special form of sharp observables 
allows them to have only joint observables of definite form. 

In this manuscript we have investigated several features which ac- 
company joint measurability in the case of sharp observables. Namely, 
(i) the equivalence between pairwise and common joint measurabil- 
ity for a set of observables, (ii) uniqueness and maximality of a joint 
observable, and (iii) joint measurability of observables and their parti- 
tionings. Knowledge of such relations would allow us to substantially 
simplify the search for a joint observable. 

To conclude, we have found that all three features (i)-(iii) are not 
valid for general observables. Nevertheless, we hope that these observa- 
tions provide one step for achieving better understanding of the general 
features of joint observables. 

Appendix 

Definition 5. Let J^) be measurable space. A set function A : 
T is an operator valued measure if 

• A(0) = O ; 

• (VI A(U°liXj)V^ ) = ( V I A(X^)V ) for all vectors E H 
and all sequences {Xj} of disjoint sets in J^. 

An operator valued measure A is thus an observable if each operator 
A(X) is positive and A{Q) = I. 

Lemma 1. Let G and F be two operator valued measures defined on 
Qi X ^2- // 

G(X xY) = f{X xY) VX G J^i, F G , (16) 

then G = F. 

Proof. Fix ip ETi. Condition fll6l) implies that the complex measures 
{il)\Qi{-)il)) and {ip I F(-)?/') agree on all rectangles and hence also on 
all countable disjoint unions of rectangles. Therefore, {ip \ G{Z)tlj) = 
{ ijj I f{Z)'ip ) for every Z E J^i<^ T2- Since this holds for any ip ET-i,we 
conclude that G(Z) = F(Z) for every Z E T\® Ti. Thus, G = F. □ 
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Proposition 8. Let A and B be jointly measurable observables. If (at 
least) one of them is sharp, then they commute and they have a unique 
joint observable G. This joint observable is determined by the condition 

G{X X Y) = A{X)B{Y) yx eJ^A,Y e^B. (17) 

Proof. Let, for instance, A be a sharp observable and suppose that G 
is a joint observable for A and B. Since 

G{X xY)< G(X X VIb) = A(X) , 

it follows that the range of G(X x Y) is contained in the range of A(X). 
Therefore, 

A(X)G(X xY) = G{X X y), 
and taking adjoint on both sides we also get 

G{X X Y)A{X) = G{X X Y). 
Applying these results to the complement set -iX we get 

A{X)G{^X xY) = {I- A(^X)) G(^X xY) = 
and similarly 

G{^X X F)A(X) = O. 

It then follows that 

A{X)B{Y) = A{X)G{Q^ X Y) = A{X) {G{X X Y) + G{^X X Y)) 
= G{X X Y) 

and similarly 

B(r)A(X) = G{X X Y) . 

A comparison of these equations shows that A and B commute and f|T7j) 
holds. As G is determined by its values of product sets, it is unique. □ 
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